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Abstract
Let C be a complex algebraic curve uniformised by a Fuchsian group
Γ. In the first part of this paper we identify the automorphism group of the
solenoid associated with Γ with the Belyaev completion of its commensurator
Comm(Γ) and we use this identification to show that the isomorphism class
of this completion is an invariant of the natural Galois action of Gal(C/Q)
on algebraic curves. In turn this fact yields a proof of the Galois invariance
of the arithmeticity of Γ independent of Kazhhdan’s.
In the second part we focus on the case in which Γ is arithmetic. The list
of further Galois invariants we find includes: i) the periods of Comm(Γ), ii)
the solvability of the equations X2 + sin2 2pi
2k+1
in the invariant quaternion
algebra of Γ and iii) the property of Γ being a congruence subgroup.
1 Introduction and statement of results
We recall that two subgroupsH1 andH2 of a groupG are said to be commensurable
if H1 ∩H2 has finite index in both H1 and H2 and that the commensurator of a
subgroup H < G is the subgroup Comm(H) consisting of the elements g ∈ G such
that H and gHg−1 are commensurable.
Let C be a compact Riemann surface (or, equivalently, a nonsingular complex
projective curve) of genus g ≥ 2 and let Γ ∼= π1(C) be the Fuchsian surface group
uniformising C. Here we deal with the commensurator of Γ in PSL2(R), namely
Comm(Γ) = {α ∈ PSL2(R) : αΓα
−1 ∩ Γ has finite index in both Γ and αΓα−1}
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We observe that the group Γ is determined by C only up to conjugation in
PSL2(R) and that commensurable groups have the same commensurator. An-
other object which depends only on the commensurability class of Γ is the Sullivan
solenoid HC (or HΓ) associated with C (or with Γ). These two objects will play
a central role in this paper. They are related by the fact that the automorphism
group of the solenoid, let us denote it Aut(HC) (or Aut(HΓ)), is generated by
Comm(Γ) and Γ̂, the profinite completion of Γ.
Let Gal(C/Q) denote the group of field automorphisms of C, and let σ ∈
Gal(C/Q). The obvious (Galois) action of Gal(C/Q) on the coefficients of the
defining equations transforms a complex algebraic varietyX defined over a subfield
k ⊂ C into another algebraic variety Xσ defined over the subfield kσ := σ(k).
Finding invariants for this action is an important problem in Complex Alge-
braic Geometry. For instance, the Betti numbers and the profinite completion of
the fundamental group are Galois invariants but, in dimension ≥ 2, the fundamen-
tal group itself and the universal cover are not (see e.g. [Se], [MiSu], [Ca], [GJ]
[GJT], [GR1], [GR2] and [Go1]). Such phenomena do not occur in dimension one
since in this case the Galois action is genus preserving, but Grothendieck’s theory
of dessins d’enfants and algebraic curves share similar ideas and goals ([Gro], see
also [GG] and [JW]).
Let σ ∈ Gal(C/Q) and let Γσ denote the Fuchsian group uniformising the
conjugate algebraic curve Cσ. We shall refer to Γσ as the Galois conjugate of Γ
by σ. We observe that the rule (σ,Γ) → Γσ defines an action of Gal(C/Q) on
the set of PSL2(R)-conjugacy classes of Fuchsian surface groups. As it has been
said, in this (1-dimensional) case Γ and Γσ must be isomorphic as abstract groups.
However, little seems to be known about the relationship between Γ and Γσ as
subgroups of PSL2(R). Note that Comm(Γ) depends precisely on the way Γ sits
inside PSL2(R).
In the first part of this article we study the group Aut(HΓ); we show it to be
the Belyaev completion of Comm(Γ) (see the definition in 3.1) and derive some
properties which remain invariant under Galois action. In the second part we
also look for Galois invariants but we use mainly tools pertaining to the theory of
arithmetic groups.
1.1 The automorphism group of a solenoid Aut(HC).
The explicit description of the automorphisms ofHC was made by Odden in [Odd],
where he showed that any element F ∈ Aut(HC) can be written as a product
F = ατ , with α ∈ Comm(Γ) and τ ∈ Γ̂ essentially in a unique way. However the
author remarks that “(this) theorem does not shed light on its group structure”.
We will consider the completion of Comm(Γ) relative to the topology deter-
mined by the finite index subgroups of Γ and, following Belyaev [Be], we will make
it into a totally disconected locally compact group which we will denote Comm(Γ).
Then we will prove (Theorem 7)
• Aut(HC) ∼= Comm(Γ) (isomorphism of groups)
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Then we will show that that there is a natural action of Gal(C/Q) on HC
which, for any σ ∈ Gal(C/Q), induces the following isomorphisms (Theorem 10):
• Comm(Γ) ≃ Comm(Γσ) (isomorphism of topological groups)
•
Comm(Γ)
Γ
≃
Comm(Γσ)
Γσ
(isomorphism of sets of co-sets)
In view of a well-known theorem of Margulis [Mar], which states that Γ is arith-
metic if and only if [Comm(Γ) : Γ] =∞, the second of these isomorphisms provides
an alternative proof of the following result which Kazhhdan ([Kaz]) proved in ar-
bitrary dimension.
• C is uniformised by an arithmetic group if and only if Cσ is. (Corollary 11).
In the particular (but generic) case in which Γ is non-arithmetic the isomor-
phism class of the group Comm(Γ) is also a Galois invariant; more precisely we
will prove the following result (Theorem 14)
• Suppose that Γ is non-arithmetic, then Comm(Γ) ≃ Comm(Γσ).
The second part of the article will be devoted to the arithmetic case.
1.2 The arithmetic case
The main tool to understand the relation between Γ and Γσ in the arithmetic
case is a theorem by Doi-Naganuma. This result establishes the relation between
the quaternion algebra (kΓ, AΓ) associated with Γ and the quaternion algebra
(kΓσ, AΓσ) associated with the Galois conjugate group Γσ (see Theorem 16 for
the precise statement and 2.1 as well as 5.1 for main notions from the theory of
arithmetic Fuchsian groups and quaternion algebras). For instance this theorem
states that kΓσ = (kΓ)σ, hence if Γ and Γ′ are two arithmetic Fuchsian groups
whose invariant trace fields are not Galois conjugate, then the curves C = H/Γ
and C′ = H/Γ′ cannot be Galois conjugate.
In this paper we will use this theorem to study the behaviour of the torsion of
the group Comm(Γ) under Galois action. To be more precise, let P(Γ) ⊂ N denote
the set of orders (or periods) of the finite order elements of Comm(Γ). Then we
will show that (Theorem 26).
• P(Γ) = P(Γσ), for any σ ∈ Gal(C/Q).
In other words the set of periods of Comm(Γ) is another Galois invariant which
could tell apart surface groups uniformising curves in different Galois orbits.
C. Maclachlan [Mac1] has described the set P(Γ) ⊂ N in terms of the invariant
quaternion algebra of Γ, namely
P(Γ) = {m ∈ N : cos
2π
m
∈ kΓ and the field kΓ(e2πi/m) embeds in AΓ}
Using this one can deduce, for instance, that the subset Podd(Γ) of odd periods
admits the following simpler description (Proposition 27).
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• Podd(Γ) = {m ∈ N : m odd and AΓ contains a square root of − sin2 2πm }
Hence the solvability of the quadratic equations X2 + sin2 2π2k+1 , k ∈ N is
also Galois invariant.
Using this last description of the periods it will not be difficult to construct an
explicit family of arithmetic groups Γp, p an odd prime, enjoying the property
that Comm(Γp) contains an element of odd prime order q if and only if p = q
(Example 28).
Since algebraic curves uniformised by arithmetic groups are defined over num-
ber fields (Proposition 12), in the arithmetic case the invariants of the action of
Gal(C/Q) can be seen as invariants of the action of the more interesting group
Gal(Q/Q), the absolute Galois group. We will prove the following result (Theorem
29)
• Gal(Q/Q) acts faithfully on the set of PSL2(R)-conjugacy classes of Fuch-
sian surface groups. Moreover, this action possesses the following invariants:
1. The isomorphism class of the group Comm(Γ).
2. The set P(Γ) of periods of Comm(Γ).
3. The solvability of the quadratic equations X2 + sin2 2π2k+1 , k ∈ N
in the invariant quaternion algebra AΓ.
4. The Galois conjugacy class of the field kΓ. (In fact kΓσ = (kΓ)σ for
any σ ∈ Gal(Q/Q)).
5. The property of being a conguence subgroup.
2 Preliminaries
2.1 Arithmetic Fuchsian groups
Here we give a brief summary of some aspects of the theory of arithmetic Fuchsian
groups relevant to this paper. For details we refer to [MR], chapter 8.2 (but see
also the nice survey article [Mac2]).
Let k be a commutative field of characteristic 6= 2 and let a, b ∈ k∗, the group
of units in k. We consider a quaternion algebra A, also denoted by (k,A), over k
identified with Hilbert symbol A =
(a, b
k
)
. This is the k-algebra which as a vector
space over k has a basis {~1,~i,~j,~k} such that its ring structure is determined by
the relations ~1 = 1, ~i2 = a, ~j2 = b and ~k = ~i~j = −~j~i. For instance,
(−1,−1
R
)
is the classical Hamilton quaternion field H whereas
(1, 1
R
)
= M2(R)
(
with basis
~1 =
(
1 0
0 1
)
, ~i =
(
1 0
0 −1
)
, ~j =
(
0 1
1 0
)
, ~k =
(
0 1
−1 0
) )
. In fact
these are the only two quaternion algebras over the field of real numbers up to
isomorhism, for it is known that
(a, b
R
)
equals H if a and b are simultaneously
negative and equals M2(R) otherwise. The norm of an element x = x0 + x1~i +
4
x2~j+x3~k ∈ A =
(a, b
k
)
is defined to be nA(x) = x
2
0−ax
2
1−bx
2
2+abx
2
3; for instance,
when A =M2(R), nA(x) = det(x).
From now on we assume that k is a number field, that is a finite extension of
Q. Let us denote by Rk the ring of integers of k. An order in A is a subring O ⊂ A
with 1 which is a finitely generated Rk-module satisfying O ⊗Rk k = A. Given an
order O ⊂ A one may consider the group
O1 = {x ∈ O : nA(x) = 1}.
We will call this group the norm-1-group of O. For instance, if A =
(1, 1
Q
)
∼=
M2(Q), then O = M2(Z) is an order such that O
1 ∼= SL2(Z).
If τ : k → C is a field embedding we will denote by kτ the image of k in C and by
Aτ the quaternion algebra Aτ :=
(
τ(a), τ(b)
kτ
)
.
Let us now assume that A =
(a, b
k
)
satisfies the following conditions:
1. k is a totally real number field (which means that the image kτ of any em-
bedding τ : k → C lies in R)
2. There is an isomorphism ρ : A⊗k R =
(a, b
R
) ∼
−→M2(R). One then says that
A is unramified at the infinite place corresponding to identity embedding id.
3. Aτ ⊗kτ R :=
(τ(a), τ(b)
R
)
∼= H, for every τ different from the inclusion map.
In this case one says that A is ramified at the infinite places τ 6= id (see 5.1).
In that situation a deep theorem by Borel and Harish-Chandra ensures that if
G < PSL2(R) is a subgroup commensurable to a group of the form P (ρ(O1)),
where O is an order of A and P : SL2(R) → PSL2(R) stands for the canonical
projection, then, G is a finite volume Fuchsian group. Groups arising in this way
(possibly after conjugation in PSL2(R)) are called arithmetic (Fuchsian) groups
(associated with the quaternion algebra (k,A)). Note that the condition that A
is unramified at the identity and ramified at all embeddings different from the
identity is a choice that is not essential for the validity of Borel-Harish-Chandra
theorem. It is rather that any quaternion algebra (k,A) with k totally real and the
property that there exists exactly one embedding τ0 such that A
τ0⊗kτ0 R ∼=M2(R)
and Aτ ⊗kτ R ∼= H for all embeddings τ 6= τ0 will give rise to Fuchsian groups.
The condition is often expressed as
A⊗Q R ∼=M2(R)×H
[k:Q]−1, (1)
where [k : Q] denotes the degree of the number field k. It is known that an
arithmetic group associated with (k,A) fails to be co-compact only when (k,A) ∼=
(Q,M2(Q)).
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The quaternion algebra (k,A) with which a given arithmetic Fuchsian group
Γ is associated can be recovered as follows:
k = kΓ = Q
(
trace(γ) : P (γ) ∈ Γ(2)
)
,
where Γ(2) is the group generated by all squares of elements of Γ, and
A = AΓ = {
∑
aiγi : ai ∈ kΓ, P (γi) ∈ Γ(2) }
Since the arithmetic group associated with a given quaternion algebra is only
defined up to commensurability equivalence one finds that two arithmetic Fuchsian
groups Γ1 and Γ2 are commensurable if and only if (kΓ1, AΓ1) = (kΓ2, AΓ2).
Accordingly kΓ and AΓ are referred to as the invariant trace field and the invariant
quaternion algebra respectively.
The commensurator of an arithmetic Fuchsian group Γ can be obtained from
its invariant quaternion algebra as
Comm(Γ) = A+/k∗ ∼= P˜ (A+),
where A+ = {X ∈ AΓ := n(Xτ ) > 0 for all τ ∈ Hom(k,R)} is the group of all
elements in A with totally positive norm and P˜ stands for the homomorphism ob-
tained by first embedding A into M2(R) via the identity embedding, then dividing
each matrix X by the square root of its determinant to get an element of SL2(R)
and finally applying the projection P : SL2(R)→ PSL2(R).
We end this section by stating one of the most important theorems in the
theory of arithmetic Fuchsian groups:
Margulis’ theorem: For a finite volume Fuchsian group Γ the following three
conditions are equivalent.
1. Γ is arithmetic.
2. Γ has infinite index in Comm(Γ).
3. Comm(Γ) is a dense subgroup of PSL2(R) in the usual matrix topology.
Warning: Given the invariant quaternion algebra AΓ =
(
a, b
k
)
of the group
Γ uniformising an algebraic curve C and an element σ ∈ Gal(C/Q) one should not
confuse AΓσ with (AΓ)σ . The first one is the invariant quaternion algebra of the
Fuchsian group uniformising the algebraic curve Cσ whereas the latter refers to
the quaternion algebra
(
σ(a), σ(b)
kσ
)
. In general these two algebras are different,
see Theorem 16.
2.1.1 An explicit example
We now construct an arithmetic group derived from a quaternion algebra over the
real field k = Q(sin 2πp ), where p ≥ 5 is a prime number. This example will be
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revisited later in the paper. We shall start with a simple observation relative to
this field k.
Lemma 1. k = Q(sin 2πp ) = Q(cos
π
2p ). In particular k is a totally real field.
Proof. The identity sin 2πp = − cos
(4+p)π
2p shows that k is the subfield of the
cyclotomic field Q(e(4+p)2πi/4p) = Q(e2πi/4p) fixed by the complex conjugation,
where the last equality holds because 4 + p and 4p are co-prime. The result
follows.
With k as above, our quaternion algebra is going to be
A =
(
−1, bp
k
)
where bp = cos(
2π
p
)− 1 +
32
p2
(instead of 1 − 32p2 one can take any other rational number lying between cos
4π
p
and cos 2πp ).
Let us check that A satisfies the three conditions required to apply the Borel–
Harish-Chandra theorem.
1. By Lemma 1 the field k is totally real.
2. Indeed A⊗k R ∼= M2(R), via the isomorphism that sends ~1,~i,~j and ~k to(
1 0
0 1
)
,
(
0 1
−1 0
)
,
( √
bp 0
0 −
√
bp
)
and
(
0 −
√
bp
−
√
bp 0
)
.
3. For any τ : k → C different from the inclusion map we have
bτp = τ
(
cos
2π
p
− 1 +
32
p2
)
= cos
2lπ
p
− 1 +
32
p2
; for some 2 ≤ l ≤ (p− 1)/2
which is a negative real number, and therefore Aτ ⊗k R =
(
−1, bτp
R
)
∼= H.
Now, the fact that the ring of integers of k = Q(cos π2p ) is Rk = Z[2 cos
π
2p ]
(see e.g. [Wa], Proposition 2.16) allows us to write down an obvious explicit order
of A, namely
O = Rk +Rk~i+Rk~j +Rk~k
ρ
∼=

X =

 a1 + a3
√
bp a2 − a4
√
bp
−a2 − a4
√
bp a1 − a3
√
bp

 : ai ∈ Z[2 cos π2p ]


According to what has been said above, for every prime number p ≥ 5, the group
Γp = P (O
1) =
{
X ∈ O : (a21 − a
2
3bp) + (a
2
2 − a
2
4bp) = 1
}
(2)
is going to be a co-compact arithmetic Fuchsian group. Moreover, by Selberg’s
lemma suitable finite index subgroups of Γp will be surface groups.
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2.2 Solenoids
Let (C, p) be a pointed algebraic curve, or, equivalently, a pointed compact Rie-
mann surface, of genus greater than one. We shall denote by Λ the collection of
all pointed unramified covers of (C, p) so that λ ∈ Λ stands for a triple (Cλ, pλ; fλ)
where fλ : Cλ → C is an unramified cover with fλ(pλ) = p. Endowed with the
partial order defined by λ ≤ µ if there is an unramified cover fµλ : Cµ → Cλ such
that fµ,λ(pµ) = pλ and fλ ◦ fµλ = fµ, the set Λ becomes a directed set. The maps
fµλ are sometimes called the bonding functions. If we denote by o the element of
Λ representing the triple (C, p; id.) then fµo = fµ.
The family
{(Cµ, fµλ)}λ≤µ∈Λ (3)
forms an inverse system of coverings of C. By the solenoid associated with C,
which we will denote by HC = lim←−
λ
Cλ, we shall mean to the projective limit of
the inverse system (3). (Here and in the sequel we refer to [RZ] for generalities on
inverse systems and projective limits).
Suppose that we choose another base point p′ ∈ C, then a canonical identifica-
tion between pointed covers of (C, p) and pointed covers of (C, p′) can be obtained
by making the triple (Cλ, pλ; fλ) correspond to the triple (Cλ, p
′
λ; fλ) where p
′
λ is
the endpoint of the lift to (Cλ, pλ; fλ) of a simple path in C connecting p to p
′.
Under this identification the inverse system (3) remains unchanged. This means
that the definition of HC is independent of the choice of the base point p ∈ C.
However, the fact that we work with pointed covers allows the following group
theoretic interpretation of HC .
Let H denote the upper half plane and let us fix a pointed universal cover map
(H, ∗)→ (C, p). Then we can canonically identify the fundamental group π1(C, p)
with the group Γ < PSL2(R) of deck transformations of this cover and each
fundamental group π1(Cλ, pλ) with the subgroup Γλ < Γ of deck transformations
of the covering (H, ∗)→ (Cλ, pλ). We then have commutative diagrams
H/Γλ
φλ−→ Cλ H/Γµ
φµ
−→ Cµ
↓ ↓ fλ and ↓ ↓ fµλ
H/Γ
φo
−→ C H/Γλ
φλ−→ Cλ
(4)
where the vertical arrows on the left are the obvious projection maps induced
by the corresponding inclusions of Fuchsian groups and the horizontal ones are
isomorphisms of Riemann surfaces uniquely determined by the choice of φo and
the condition φλ([∗]) = pλ. All this allows us to alternatively rewrite our solenoid
as HΓ = lim←−
λ
H/Γλ, where Γλ ranges among all finite index subgroups of Γ. The
use of HC or HΓ through the paper will tend to depend on whether we want to
emphasize the algebraic or the hyperbolic nature of the solenoid.
We notice that for any finite index subgroup of K < Γ the family of finite
index subgroups of K provides a co-final family of finite index subgroups of Γ
which means that HΓ ≡ HK . In other words, the solenoid HΓ depends only on
the commensurability class of Γ.
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In the same vein we observe that in defining the solenoid we can restrict our-
selves to the collection of finite index normal subgroups, since they already form
a co-final family, and so we can view HC as the projective limit of pointed Galois
covers of C, that is
HC ≡ HΓ := lim←−
Γλ⊳fΓ
H/Γλ (5)
where the notation ⊳f stands for finite index normal subgroup.
We recall that the profinite completion of Γ is precisely the group
Γ̂ := lim
←−
Γλ⊳fΓ
Γ/Γλ (6)
and that each of the finite groups Γ/Γλ can be viewed as the automorphism group
of the covering H/Γλ → H/Γ which through the identifications in (4) can be
further identified to Aut(Cλ, fλ), the group of automorphisms of the equivalent
covering fλ : Cλ → C. This means that the group Γ̂ is isomorphic to the algebraic
fundamental group of C, usually denoted πalg1 (C, p) := lim←−
λ
Aut(Cλ, fλ). As the
similarity of the expressions (5) and (6) suggests, there is a natural action of the
group Γ̂ on the solenoid HC which will play an important role later on.
It is sometimes convenient to choose a co-final sequence of finite index normal
subgroups
· · ·Γn+1 < Γn < Γn−1 < · · · < Γ1 = Γ; with
⋂
n
Γn = {1}.
and regard HΓ (resp. Γ̂) as the projective limit of the Riemann surfaces H/Γn
(resp. the groups Γ/Γn). Typically one chooses Γn be the standard characteristic
sequence of subgroups of Γ defined as
Γn = intersection of all subgroups of Γ of index ≤ n. (7)
So from now on we will use freely the following alternative notation
HΓ = lim←−
n
H/Γn ≡ lim←−
n
Cn = HC
and
Γ̂ = lim
←−
n
Γ/Γn ≡ lim←−
n
Aut(Cn, fn) = π
alg
1 (C, p),
(8)
where the algebraic curves Cn and the bonding functions fn,n−1 : Cn → Cn−1 and
fn : Cn → C correspond to the Riemann surfaces H/Γn and the obvious projection
maps πn,n−1 : H/Γn → H/Γn−1 and πn : H/Γn → H/Γ through the identifications
in (4).
The group Γ̂ may also be seen as the standard Cauchy sequence completion of
Γ with respect to the non-Archimedean metric d defined by the formula
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d(γ1, γ2) =
1
n
if γ−12 γ1 ∈ Γn \ Γn+1
Usually this completion is realized as follows:
Γ̂ =
{
τ = (τn)n ∈
∏
n
(Γ/Γn) : τn ≡ τn−1(mod Γn−1)
}
(9)
The solenoid HΓ can be canonically identified with the quotient of the product
H× Γ̂ under the action of Γ defined by
γ(z, τ) = (γ(z), τγ−1)
This quotient space we shall denote by H×ΓΓ̂ and the identification can be realized
as follows (see [Odd], Theorem 3.5):
H×Γ Γ̂ ≡ HΓ[
z, τ
]
←→ (τn(z) ∈ H/Γn)n
(10)
Both the hyperbolic metric dh on H and the non-archimedean metric dˆ on Γ̂ are
Γ-invariant and so the corresponding product metric on H× Γ̂ descends to a well-
defined metric dH on HΓ that induces the inverse-limit topology. In explicit terms
dH([z1, τ1], [z2, τ2]) = inf
g∈Γ
max
{
dh(z2, gz1), dˆ(τ2, τ1g
−1)
}
Let r = 1/n be smaller than the injectivity radius of H/Γ (or, equivalently, the
minimum of the translation length of the elements in Γ \ {Id}); then the ball of
radius r in HΓ centered at a point [z, τ ] equals D × T where D is the hyperbolic
disc of radius r centered at z and T is the coset τ Γ̂n+1. We see that HΓ carries
a complex structure with respect to the z-variable. Specifically, a continuous
function f(z, τ) defined on an open set of HΓ will be said to be holomorphic if it
is so with respect to the z-variable. As a topological space HΓ is compact and
connected, but not path connected. There are natural projections
HC ≡ H×Γ Γ̂
C ≡ H/Γ Γ̂/Γ
π1 π2
where Γ̂/Γ stands for the set of left co-sets. The fibers of π1 are totally discon-
nected compact sets identifiable to Γ̂ and the fibres of π2, called the leaves, are the
path connected components, each of them being a dense subset of HC . They are
parametrized by Γ̂/Γ. The leaf
BC = BΓ := π
−1
2 ([1]) = H×Γ {1}
will be called the base leaf and it is conformally equivalent to H.
Riemann surface solenoids were introduced by D. Sullivan in [Sul] and were
then studied by several authors, including Sullivan himself, Biswas, Markovic,
Nag, Odden, Penner, Sˇaric´ and several others ([BN], [MaSa], [Odd], [PS]).
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2.2.1 Automorphisms of a solenoid
We start with a couple of observations
Lemma 2. Let {Γn}n be the standard sequence of characteristic subgroups intro-
duced in (7). Then
1. An element α ∈ PSL2(R) lies in Comm(Γ) if and only if for any index n
there is a finite index subgroup Kn < Γn such that αKnα
−1 is also a finite
index subgroup of Γn.
2. Let α ∈ Comm(Γ). There is an increasing sequence of positive integers
an = an(α) such that αΓanα
−1 < Γn.
Proof. (1) Since Comm(Γn) = Comm(Γ), it is enough to prove it for Γ1 = Γ. In
one direction this is proved by letting K be Γ∩α−1Γα. For the converse statement
note that now by hypothesis Γ ∩ αΓα−1 contains αKα−1 which is a finite index
subgroup of both Γ and αΓα−1, hence Γ ∩ αΓα−1 must also be is a finite index
subgroup of both Γ and αΓα−1.
(2) follows by choosing an such that Γan is contained in Kn.
The first part of Lemma 2 allows us to regard the elements α ∈ Comm(Γ) as
automorphisms (i.e. holomorphic bijections) of HΓ in the following way. Choose
a finite index subgroup K < Γ such that αKα−1 < Γ. Then the automorphism
induced by α results as composition of the following three isomorphisms: Start
with the identification HΓ ≡ HK , then compose with the obvious isomorphism
HK ∼= HαKα−1 and then with the identification HαKα−1 ≡ HΓ. In more explicit
terms:
HΓ ≡ HK
∼
−→ HαKα−1 ≡ HΓ
[z, τ ] ≡ [γz, τ ′] −→ [αγz, ατ ′α−1] ≡ [αγz, ατ ′α−1]
(11)
where τ ′ ∈ K̂, γ ∈ Γ and τ = τ ′γ. (Here we are using the identification K̂/K ∼=
Γ̂/Γ, which is a direct consequence of the elementary identity Γ/K ∼= Γ̂/K̂).
Note that on the base leaf α acts simply by the formula α[z, Id] = [αz, Id],
thus α is base leaf preserving. Conversely, let F : HΓ → HΓ be an automorphism
preserving the base leaf BΓ ≡ H then, clearly, F ([z, Id] = [αz, Id] for some α =
αF ∈ PSL2(R) and it turns out that, in fact, α ∈ Comm(Γ). This result can be
found in [Odd], Corollary 4.8 and [BN], Proposition 4.12).
On the other hand an element τ ∈ Γ̂ acts as an automorphism of HΓ simply
by the rule
τ([z, τ ′]) = [z, ττ ′] (12)
This formula defines a transitive action of Γ̂ on the set of leaves which agrees with
the standard group action of Γ̂ on Γ̂/Γ. This action is base leaf preserving only
when τ ∈ Γ. In other words, one has
Γ̂ ∩ Comm(Γ) = Γ (13)
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Now, let F ∈ Aut(HΓ) be an arbitrary automorphism of HΓ and suppose that
F sends the base leaf π−12 ([1]) to another leaf π
−1
2 ([τ ]), then τ
−1 ◦F will be a base
leaf preserving automorphism, thus we see that
Aut(HΓ) = Γ̂ · Comm(Γ) = Comm(Γ) · Γ̂ (14)
where the second equality holds because the product of the two subgroups is a
group.
3 The group structure of Aut(HΓ)
Turning to the identity (14) above we should mention that, in fact, Odden has
shown (see Theorem 4.13 and Corollary 4.14 in [Odd]) that the rule (τ, α) → τα
yields a bijection between the set Γ̂×ΓComm(Γ) (where Γ acts by the rule γ(τ, α) =
(τγ−1, γα)) and Aut(HΓ). The author warns however that “(this) theorem does
not shed light on its group structure”. This group structure will turn out to be a
certain completion of Comm(Γ) whose description is the goal of this section.
3.1 The Belyaev completion of Comm(Γ).
A Hecke pair is a pair of groups (G,H) where H is a subgroup of G such that H
and gHg−1 are commensurable for all g ∈ G. If H is residually finite the natural
left action of G on the sets of cosets
B := {xK : x ∈ G and K commensurable with H}
determines a faithful permutation represention G →֒ Symm(B).
Endowed with the the topology of pointwise convergence arising from the dis-
crete topology on B the group Symm(B) of permutations of B becomes a Hausdorff
topological group (see [Be], see also [KLQ] and [RW]). As xK varies in B the col-
lection of stabilisers
Symm(B)xK = {φ ∈ Symm(B) : φ(xK) = xK}
provides a subbase of neighbourhoods of the identity for this topology. Accord-
ingly, the collection of stabilisers
GxK = Symm(B)xK ∩G = xKx
−1, with xK ∈ B
is a subbase of neighbourhoods of the identity for the induced topology on G.
Here we will be concerned with the Hecke pair (Comm(Γ),Γ) where, as before,
Γ stands for the Fuchsian group uniformising a compact Riemann surface of genus
g ≥ 2. We will denote by Comm(Γ) the closure of (the image of) Comm(Γ) in
Symm(B) and we will refer to this group as the Belyaev completion of Comm(Γ).
A feature of this completion is that it contains the group Γ̂ as the closure of
Γ. This can be seen by considering the following chain of topological groups
Γ <
∏
n
(Γ/Γn) <
∏
n
Symm(Γ/Γn) < Symm(B
∗) < Symm(B)
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where B∗ = {xΓn : x ∈ Comm(Γ), n ∈ N} ⊂ B. Since
∏
n(Γ/Γn) is compact,
hence closed, the closure of Γ in Symm(B) agrees with its closure in
∏
n(Γ/Γn),
but this is one of the definitions of Γ̂; see (9).
Similarly, since Symm(B∗) is clearly a closed subset of Symm(B), the closures
of Comm(Γ) in Symm(B∗) and Symm(B) agree.
The next proposition collects the main properties of Comm(Γ).
Proposition 3. 1. Comm(Γ) is a locally compact subgroup of Symm(B∗) <
Symm(B) such that the closure H of each subgroup H commensurable with
Γ is a compact open subgroup.
2. Γ can be identified to Γ̂.
3. Comm(Γ) = Γ̂ · Comm(Γ) = Comm(Γ) · Γ̂
4. Comm(Γ)/ Γ̂ ≡ Comm(Γ)/Γ
Proof. (1) is the content of Theorem 7.1 in [Be].
(2) is the comment preceding this proposition.
(3) Let x ∈ Comm(Γ). Applying part (1) to H = Γ we see that xΓ∩Comm(Γ)
is non-empty, so there is some α ∈ Comm(Γ) such that α = xτ for some τ ∈ Γ̂,
hence x ∈ Comm(Γ) · Γ̂ = Γ̂ · Comm(Γ).
(4) follows from (3).
Remark 4. ([KLQ], Example 2.4). We observe that although Comm(Γ) is com-
plete (being locally compact), the group Symm(B) itself is not. For instance the
sequence of functions
φn(xK) =


xK if xK 6= Γj , with 1 ≤ j ≤ n
Γi+1 if xK = Γi, with i < n
Γ1 if xK = Γn
converges to the shift map Γi → Γi+1 which is not a bijection. In fact in [Be] the
completion of G is defined to be the closure G of G in Map(G), the semigroup of
maps of G, and it is then shown that G < Symm(B).
3.2 The isomorphism Aut(HC) ∼= Comm(Γ)
Lemma 5. The inclusion Comm(Γ) < Aut(HΓ) induces the following natural
bijection between sets of cosets
Comm(Γ)/Γn ≃ Aut(HΓ)/ Γ̂n
xΓn → xΓ̂n
Proof. When n = 1, Γn = Γ, and the result follows from (13) and (14). But the
result holds for any n because Comm(Γn) = Comm(Γ) and HΓn = HΓ.
The bijections Comm(Γ)/Γn ≃ Aut(HΓ)/Γ̂n permit us to identify the sets
B∗ = {xΓn : x ∈ Comm(Γ), n ∈ N} and B̂ = {F Γ̂n : F ∈ Aut(HΓ), n ∈ N} and
therefore to transfer the natural action of Aut(HΓ) on B̂ to an action on B∗.
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Lemma 6. 1. The action of Aut(HΓ) on B∗ introduced above is given by the
formula
Aut(HΓ) × B∗ −→ B∗
(F , xΓn) −→ αxΓn
where α = α(F, x, n) ∈ Comm(Γ) is such that α−1F ∈ xΓ̂nx−1.
2. This action is faithful and so it yields a permutation representation of Aut(HΓ)
in Symm(B∗) < Symm(B).
3. Its restriction to Comm(Γ) is the standard action (α, xΓn)→ αxΓn.
Proof. 1) The condition imposed on α only means that FxΓ̂n = αxΓ̂n.
2) and 3) are obvious.
This lemma together with Proposition 3 allows us to regard both groups
Comm(Γ) and Aut(HΓ) as subgroups of Symm(B∗).
Theorem 7.
Comm(Γ) = Aut(HΓ)
Proof. Let us denote by j : Aut(HΓ) →֒ Symm(B
∗) the permutation representation
described in Lemma 6. What we have to prove is that Comm(Γ) = j(Aut(HΓ)).
By the third part of this lemma we only need to show that 1) j(Aut(HΓ)) is a
closed subset of Symm(B∗) and 2) j(Comm(Γ)) is dense in it.
1) j(Aut(HΓ)) is a closed subset of Symm(B∗).
We start with the observation that Comm(Γ) is countable. Indeed in the non-
arithmetic case Comm(Γ) is still discrete and in the arithmetic case even the whole
invariant quaternion algebra AΓ is countable. So let
Comm(Γ) = {x1 = 1, x2, · · · , xn, · · · }
be an enumeration of its elements. Then we can inductively construct a co-final
subsequence Γa1 > Γa2 > · · · > Γan > · · · of our standard sequence of character-
istic subgroups {Γn} enjoying the property
Γan <
⋂
i,j≤n
xiΓjx
−1
i
Let now f ∈ Symm(B∗) be an element in the closure of j(Aut(HΓ)). We want
to show that f lies in fact in j(Aut(HΓ)). In order to do that, for any n ∈ N, we
consider the following neighbourhoods of f in Symm(B∗) :
V (f, n) = {h ∈ Symm(B∗) : h(xiΓaj ) = f(xiΓaj ); i, j ≤ n} = f ·
⋂
i,j≤n
Symm(B∗)Γai
Let Fn ∈ Aut(HΓ) such that j(Fn) ∈ V (f, n) ∩ j(Aut(HC)). By Lemma 6,
j(Fn)(Γan) = αnΓan with αn ∈ Comm(Γ) such that α
−1
n Fn ∈ Γ̂an < Γ̂an−1 . There-
fore j(Fn)(Γan−1) = αnΓan−1 . But, on the other hand, j(Fn)(Γan−1) = f(Γan−1) =
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j(Fn−1)(Γan−1) = αn−1Γan−1 . The conclusion is that α
−1
n−1αn ∈ Γan−1 . Thus, we
can write
α2 = α1γ1, γ1 ∈ Γa1
α3 = α2γ2 = α1γ1γ2, γ2 ∈ Γa2
· · · · · · · · · · · · · · · · · · · · · · · ·
αi = α1γ1γ2 · · · γi−1, γi−1 ∈ Γai−1
Now, put τi = γ1γ2 · · · γi (mod Γai+1). Then, clearly, the sequence τ = (τi)i defines
an element of Γ̂ = lim
←−
Γ/Γai .We claim that f = j(F ), where F = α1τ ∈ Aut(HC).
Indeed, f agrees with j(F ) at the points Γan ∈ B
∗ because on the one hand
f(Γan) = j(Fn)(Γan) = αnΓan and on the other hand
α−1n F = α
−1
n α1τ = (τ
−1
n−1τi)i ≡
(
γnγn+1 · · · γn+k−1 (mod Γan+k)
)
k
∈ Γ̂an .
Moreover, since Γ̂an < xiΓ̂jx
−1
i for n ≥ i, j, the above relation also proves that
F (xiΓj) = αnxiΓj = Fn(xiΓj) = f(xiΓj) and we conclude that j(F ) agrees with
f at all points of B∗, as claimed.
2) j(Comm(Γ)) is dense in j(Aut(HΓ)).
Our subbasis of neighbourhoods of the identity in j(Aut(HΓ)) consists of the
sets j(T Γ̂nT
−1), T ∈ Aut(HΓ); but since, by (14), each T equals to a product
of the form T = xτ ′, with x ∈ Comm(Γ) and τ ′ ∈ Γ̂, this subbasis can be
rewritten as {j(xΓ̂nx−1) : x ∈ Comm(Γ)}n. This makes it clear that any set in
this subbasis contains one of the form Γ̂m for sufficienty large m. It follows that
if F ∈ Aut(HΓ) any neighbourhood of j(F ) contains a smaller one of the form
Vm = j(F · Γ̂m). Thus, what we need to see is that for each m the intersection
Vm ∩ j(Comm(Γ)) is nonempty. Now, setting F = ατ , with α ∈ Comm(Γ) and
τ = (τi)i ∈ Γ̂ we see that, as before, (ατm)−1F = τ−1m τ ∈ Γ̂m+1 < Γ̂m. This means
that j(ατm) ∈ Vm ∩ j(Comm(Γ)) as required.
4 Galois action on solenoids and commensurators
4.1 The group Comm(Γ) is Galois invariant
LetGal(C/Q) denote the group of field automorphisms of C, and let σ ∈ Gal(C/Q).
The obvious action of Gal(C/Q) on complex algebraic curves transforms pointed
unramified covers of (C, p) into pointed unramified covers of (Cσ, pσ) thereby yield-
ing a natural bijection
σ : HC −→ HCσ
(qn) −→ (qσn)
whereHC is regarded as the limit of the inverse system
{(
Cn, fn,n−1
)}
n
introduced
in (8) so that qn stands for a point in Cn such that fn,n−1(qn) = qn−1.
Our first goal is to show that although this bijection is far from being an
isomorphism (even far from being continuous) it induces an isomorphism between
the corresponding automorphism groups Aut(HC) and Aut(HCσ ). In order to do
that we first need to write the elements of Aut(HC) in a convenient way.
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Notice that to any increasing subsequence of positive integers {an}n there
corresponds a co-final subsequence of standard characteristic subgroups {Γan}n
and algebraic curves Can which still define the solenoid, that is HC = lim←−
Can . Let
F = {Fn}n :
{(
Can , fan,an−1
)}
n
−→
{(
Cn, fn,n−1
)}
n
(15)
be a morphism of inverse systems. By that we mean (see [RZ]) that each Fn is
a rational (or, equivalently, holomorphic) map between Can and Cn such that for
any n ≥ 2 the following diagram commutes
Can
Fn
−−−−−→ Cnyfanan−1 yfn,n−1
Can−1
Fn−1
−−−−−→ Cn−1
Clearly, in this situation, F defines a holomorphic map F : HC → HC . Our
next result states that any automorphism of HC can be written in this way.
Proposition 8. Every automorphism F of HC is induced by a morphism of in-
verse limits as in (15).
Proof. We deal with the two different kinds of automorphisms separately.
1) F = τ = (τn)n ∈ Γ̂ = lim←−
Γ/Γn.
From the expression of the automorphism τ on the model of the solenoid H×Γ Γ̂
given in (12) and the identification between the two models of the solenoid made in
(10) one infers that in this case F is the automorphism induced by the morphism
of inverse limits {τn}n : {(H/Γn, πn)}n → {(H/Γn, πn)}n or its corresponding
algebraic version {Fn}n : {Cn, fn}n → {Cn, fn}n.
2) F = α ∈ Comm(Γ).
Let {Γnα} the co-final family of subgroups of Γ whose existence is guaranteed in
part 2) of Lemma 2 and consider the holomorphic surjections An : H/Γnα → H/Γn
defined by the following composition of maps
H/Γnα
α
−→ H/αΓnαα
−1 −→ H/Γn
z −→ α(z) −→ α(z)
Clearly, these maps define a morphism of inverse systems {An} : {(H/Γnα , πnα)} →
{(H/Γn, πn)} which yields a holomorphic map A : HΓ → HΓ which coincides with
α on the base leaf and, by continuity, on the whole solenoid. Now we only need to
replace the holomorphic maps An : H/Γαn → H/Γn and πn,n−1 : H/Γn → H/Γn−1
by their corresponding rational maps Fn : Cαn → Cn and fn,n+1 : Cn → Cn−1.
3) Finally, for an arbitrary F ∈ Aut(HC) we can use (14) to write F in the
form F = α◦τ and then the conclusion follows by composition of the two previous
cases.
Proposition 9. (1) For any σ ∈ Gal(C/Q) the bijection σ : HC → HCσ intro-
duced at the beginning of this section induces a group isomorphism
Aut(HC) −→ Aut(HCσ)
F −→ F σ := σ ◦ F ◦ σ−1
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(2) This isomorphism maps πalg1 (C, p) ≡ Γ̂ onto π
alg
1 (C
σ, pσ) ≡ Γ̂σ.
(3) If the pair (C, p) is defined over a number field one can replace in the above
statements the group Gal(C/Q) by the absolute Galois group Gal(Q/Q).
Proof. (1) By Proposition 8 we can assume that F ∈ Aut(HC) is given by a
morphism of inductive limits of the form
F = {Fn}n :
{(
Can , fan
)}
n
→
{(
Cn, fn
)}
n
and then F σ will be the automorphism of HCσ induced by
F σ = {F σn }n :
{(
Cσan , f
σ
an
)}
n
→
{(
Cσn , f
σ
n
)}
n
where F σn = σ ◦ Fn ◦ σ
−1. We point out that each map F σn : C
σ
an → C
σ
n is a
rational (i.e. holomorphic) map, in fact the rational map whose defining equations
are obtained by applying σ to the defining equations of the rational map Fn :
Can → Cn. We also observe that since {(Can , pan)}n is a co-final family of pointed
coverings of (C, p) the family {(Cσan , p
σ
an)}n is a co-final family of coverings of
(Cσ, pσ). We thus conclude that HCσ is the projective limit of the inverse system
{(Cσan , f
σ
an)}n and that F
σ induces an automorphism of HCσ .
(2) Clearly, if in the discussion above F ∈ πalg1 (C, p) = lim←−
Aut(Cn, fn), then
F σ ∈ πalg1 (C
σ, pσ) = lim
←−
Aut(Cσn , f
σ
n ), as stated.
(3) This statement follows from the observation that if (C, p) is defined over
Q then, the covering pointed curves (Cn, pn) as well as the automorphisms Fn
in the proof of the part (2) above are also defined over Q (see [Go]) and so the
Galois conjugates Cσn , p
σ
n and F
σ
n of Cn, pn and Fn make perfect sense when σ ∈
Gal(Q/Q).
We can now prove that the isomorphism class of the group Comm(Γ) is pre-
served under Galois action.
Theorem 10. Let C be an algebraic curve uniformized by a Fuchsian group Γ.
Then the action of a Galois element σ on the solenoid HC induces the following
isomorphisms
1. Comm(Γ) ≃ Comm(Γσ) (isomorphism of topological groups).
2.
Comm(Γ)
Γ̂
≃
Comm(Γσ)
Γ̂σ
(isomorphism of sets of co-sets).
3.
Comm(Γ)
Γ
≃
Comm(Γσ)
Γσ
(isomorphism of sets of co-sets).
Proof. (1) That σ induces an isomorphism between these two groups follows from a
combination of Theorem 7 and the first part of Proposition 9. The topological side
follows from the second part of Proposition 9 which shows that this isomorphism
sends the subbasis of neighbourhoods {Γ̂n}n into the subbasis of neighbourhoods
{Γ̂σn}n.
(2) follows from the second part of Proposition 9.
(3) follows from the previous statement and Proposition 3, part 4.
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From here we can easily obtain the following result due to Kazhdan([Kaz])
Corollary 11. Γ is arithmetic if and only if Γσ is arithmetic.
Proof. The result follows from the third part of Theorem 10 together with Mar-
gulis’ theorem.
The general result that complex varieties uniformised by arithmetic groups are
defined over number fields is atributed to Baily and Borel [BB] (although in their
paper only the fact that they are quasi-projective varieties seems to be explicitly
stated and perhaps reference to the work of Shimura is needed). In the case of
dimension 1 we are concerned with here, we can use Corollary 11 to give the
following simple proof.
Proposition 12. Let C be an algebraic curve uniformised by an arithmetic group
Γ. Then C is defined over a number field.
Proof. Let σ ∈ Gal(C). By Corollary 11 the group Γσ uniformising the algebraic
curve Cσ is also arithmetic. Now, by a theorem of Takeuchi ([Ta2], Theorem
2.1) there are only finitely many arithmetic surface groups of any given genus.
Therefore, as σ varies in Gal(C), only finitely many isomorphism classes of curves
Cσ are obtained. This means that C is defined over a number field (see [Go]).
Unfortunately, the bijections σ : HC → HCσ will not preserve the base leaf
in general and so there is no a priori reason why the isomorphism Comm(Γ) ≃
Comm(Γσ) above should preserve any properties of the commensurator. However
we will show that:
1. The periods of Comm(Γ) are Galois invariant, and
2. In the non-arithmetic case even the isomorphism class of the group Comm(Γ)
is also Galois invariant.
The proof of 1) will be carried out in Section 5 which is devoted to arithmetic
groups. The proof of 2) is the content of the next subsection.
4.2 The non-arithmetic case
We next show that for non-arithmetic groups the isomorphism class of the group
Comm(Γ) is also Galois invariant. In order to do that we need to recall the notion
of semiregular (or uniform) covers. These are coverings of compact Riemann
surfaces f : C → C′ such that all points of C within any given fibre have the
same multiplicity. This is equivalent to saying that f : C → C′ corresponds to
the projection H/Γ → H/Γ′ induced by an inclusion of Γ in another Fuchsian
group Γ′ (see e.g. [GG]). Note that Γ′ will be the uniformising group of C′
only when f is unramified. Otherwise it will be a Fuchsian group of signature
(g′;m1, · · · ,mr) where g′ is the genus of C′ and m1, · · · ,mr the multiplicities of
the branching values x′1, · · · , x
′
r ∈ C
′ of the morphism f. We will also need the
following straightforward implication of Margulis’ theorem.
18
Lemma 13. 1. Let Γ be a non-arithmetic Fuchsian surface group. Then
Comm(Γ) is the largest Fuchsian group containing Γ.
2. Let C be an algebraic curve uniformised by a non-arithmetic Fuchsian group
Γ. Then the uniform covering corresponding to the obvious projection H/Γ→
H/Comm(Γ) can be recognised as the one of highest degree among all uniform
coverings f : C → C′ with source C and arbitrary target C′.
Proof. (1) By Margulis’ theorem Comm(Γ) is a Fuchsian group. Now, if a group
Γ1 containing Γ is Fuchsian then Γ must have finite index in Γ1. Thus, we have
Γ < Γ1 < Comm(Γ1) = Comm(Γ).
(2) Follows directly from (1).
Theorem 14. Let C be an algebraic curve uniformized by a non-arithmetic Fuch-
sian group Γ. Then
Comm(Γ) ≃ Comm(Γσ) (isomorphic as abstract groups)
Proof. Let f : C → C′ be the uniform cover of highest degree given by Lemma
13. Then, the Galois conjugate covering fσ : Cσ → C′σ is also a uniform cover
of highest degree. By Corollary 11 the group Γσ is also non-arithmetic and by
Lemma 13 these two coverings correspond to the inclusions Γ < Comm(Γ) and
Γσ < Comm(Γσ) respectively. Moreover, suppose that C′ has genus g′ and f has
r branching values with multiplicities m1, · · · ,mr, then the same holds for C
′σ
and fσ. This means that the groups Comm(Γ) and Comm(Γσ) are both Fuchsian
groups with the same signature (g′;m1, · · · ,mr) and therefore isomorphic.
5 Arithmetic groups
In this final section we will study more closely the effect of Galois action on the
invariant quaternion algebra (kΓ, AΓ) of an arithmetic Fuchsian surface group
Γ, that is, an arithmetic Fuchsian groups which uniformises an algebraic curve
C ∼= H/Γ. In view of Proposition 12 we can –and we will– replace the group
Gal(C/Q) with the absolute Galois group Gal(Q/Q).We have seen in Corollary11
that for any σ ∈ Gal(Q/Q) the Galois conjugate curve Cσ is isomorphic to a
Riemann surface H/Γσ where Γσ is again arithmetic. We would like to know how
the quaternion algebras (kΓ, AΓ) and (kΓσ, AΓσ) are related.
This relation has been described by Doi and Naganuma in [DN] (see also
[MiSu]). In order to present their results we need to recall some facts from the
theory of algebras over number fields.
5.1 Classification of quaternion algebras over number fields
Let k be a totally real number field. The embeddings τ ∈ Hom(k,C)(= Hom(k,R))
are called infinite or archimedean places of k. As already mentioned, the quater-
nion algebra A =
(
a,b
k
)
is called unramified at the infinite place τ if Aτ ⊗kτ R is
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isomorphic to M2(R), where A
τ =
(
τ(a),τ(b)
kτ
)
. Otherwise (i.e. if Aτ ⊗kτ R ∼= HR)
A is called ramified at τ . We denote by Ram∞A the set of all infinite places at
which A is ramified. Our condition on A is that A is unramifed exactly at τ = id.
Let Rk denote the ring of integers in k and let p be a prime ideal in Rk. Then p
defines a non-archimedean absolute value on k, which is unique up to equivalence.
The prime ideals in Rk are also called finite or non-archimedean places of k. Let
kp denote the completion of k with respect to this absolute value and τp : k → kp
be the corresponding embedding. We can consider the quaternion algebra
A(τp) = A⊗k kp =
(
τp(a), τp(b)
kp
)
over kp. There are two possibilities for A
(τp): either A(τp) ∼= M2(kp) or A(τp) is a
division algebra which is then uniquely determined up to isomorphism. In the first
case we say that A unramified at the finite place p whereas in the second case we
call A ramified at the finite place p. By RamfA we will refer to the set of all finite
places at which A is ramified. We will further set Ram(A) = Ram∞A ∪RamfA.
Finally, we note that given a number field k and an automorphism σ ∈ Gal(Q/Q),
Galois conjugation defines an obvious ring isomorphism between Rk and Rkσ such
that the rule
p→ pσ
provides a bijection between prime ideals of Rk and prime ideals of Rkσ which
induces a bijection between RamfA and (RamfA)
σ := {pσ : p ∈ RamfA}. We
observe in passing that (RamfA)
σ = RamfA
σ.
The following facts are well-known (see e.g. [MR], Theorem 7.3.6, page 236):
1. Ram(A) is a finite set of even cardinality
2. Let T be a finite set of (archimedean and/or non-archimedean) places of k
with even cardinality, then there exists a quaternion algebra A over k such
that Ram(A) = T . This quaternion algebra is uniquely determined up to
isomorphism.
5.2 Doi-Naganuma’s theorem
Let (k,A) = (kΓ, AΓ) be the quaternion algebra associated with an arithmetic
surface group and let σ ∈ Gal(Q/Q). The structure of the pair (kΓσ, AΓσ) has
been described by Doi and Naganuma in [DN] (see also [MiSu]).
We first recall some definitions. Let O be a maximal order in A. We define
the group of totally positive units of O as O+ = A+ ∩ O∗. Let a be an ideal in
Rk. The principal congruence subgroup of level a is the group
G+O(a) := {x ∈ O
+ | x− 1 ∈ aO} < GL+2 (R).
We will write Γ+O(a) = P˜ (G
+
O(a)) where P˜ : GL
+
2 (R) → PSL2(R) stands for
the obvious projection map.
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Theorem 15. ([DN]) Let Γ+O(a) be a torsion-free principal congruence subgroup in
A and let C be an algebraic curve analytically isomorphic to the Riemann surface
H/Γ+O(a). Then, for any σ ∈ Gal(Q/Q), the conjugate curve C
σ is analytically
isomorphic to H/Γ+O′(a
σ) where O′ is a maximal order in the quaternion algebra
(k′, A′) determined, up to isomorphism, by the three following properties:
1. k′ = kσ.
2. RamfA
′ = (RamfA)
σ.
3. The only archimedean place at which A′ is unramified is the one correspond-
ing to the identity on k′.
This implies the following
Theorem 16. Let Γ be an arithmetic Fuchsian surface group and let σ ∈ Gal(Q/Q).
The associated quaternion algebra (kΓσ, AΓσ) is determined, up to isomorphism,
by the following three properties:
1. kΓσ = (kΓ)σ.
2. RamfAΓ
σ = (RamfAΓ)
σ.
3. The only archimedean place at which AΓσ is unramified is the one corre-
sponding to the identity on kΓσ.
Proof. Let O be an order in AΓ such that Γ is commensurable to P (ρ(O1)). We
may assume that O is a maximal order.
Let Γ2 = Γ
+
O(a) be a torsion-free principal congruence subgroup as in Theorem
15 and set Γ12 = Γ∩Γ2. Then the algebraic curve C12 = H/Γ12 is simultaneously
an unramified cover of C = H/Γ and C2 = H/Γ2, and therefore C
σ
12 is simulta-
neously an unramified cover of Cσ and Cσ2 . Since quaternion algebras associated
with arithmetic groups are only defined up to commensurability we conclude that
AΓ = AΓ12 = AΓ2 and AΓ
σ = AΓσ12 = AΓ
σ
2 . Now apply Theorem 15.
Corollary 17. The notation being as above, let k be a normal extension of Q.
Then AΓσ = AΓ if and only if (RamfAΓ)
σ = RamfAΓ.
Corollary 18. Suppose that kΓ = Q. Then AΓσ = AΓ. In particular Comm(Γσ) =
Comm(Γ).
Example 19. Let Γp, p odd prime, the family of groups constructed in 2.1.1. As
for two different prime numbers p and q the fields Q(cos(2π/p)) and Q(cos(2π/q))
are not Galois conjugate, Theorem 16 implies that no pair of surface subgroups
Γ′p < Γp and Γ
′
q < Γq can be Galois conjugate.
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5.3 Congruence property as a Galois invariant
Let P˜ : GL+2 (R) → PSL2(R) be the obvious projection. A subgroup of G <
GL+2 (R) (resp. of Γ < PSL2(R)) is called a congruence subgroup in A if G (resp.
P˜−1(Γ)) contains some principal congruence subgroup G+O(a) for some maximal
order O and some ideal a of O.
Proposition 20. Being uniformized by a congruent subgroup is a Galois invariant
property.
Proof. Let C be an algebraic curve isomorphic to H/Γ where P˜−1(Γ) contains
some principal congruence subgroup G+O(a).
Let σ ∈ Gal(Q/Q). Then C is covered by the curve C1 := H/Γ
+
O(a) and so
Cσ is covered by Cσ1 . This implies that the uniformizing group of C
σ, which we
have denoted throughout Γσ, contains the uniformizing group of Cσ1 , which by
Theoerem 15 is a principal congruence subgroup of the form Γ+O′(a
σ). This means
that Γσ is a congruence subgroup, as was to be seen.
We mention another direct consequence of Theorem 15:
Corollary 21. Let k be a normal extension of Q and A a quaternion algebra over
k with following properties:
1. For any two maximal orders O and O′ in A there exists x ∈ A such that
O′ = x−1Ox,
2. Ramf (A) is invariant under Gal(k/Q).
Let σ ∈ Gal(Q/Q) and a be an ideal in Rk such that aσ = a. Then, the curve
C(a) = H/Γ+O(a) is isomorphic to its Galois conjugate curve C(a)
σ.
Example 22. All the conditions of Corollary 21 are satisfied in the case where
k = Q and Γ+O(a) is a principal congruence subgroup in a division quaternion
algebra A over Q. This only reflects the fact that in this case the curves C(a) are
defined over Q (see e.g. [El1], 2.3).
Example 23. Consider the number field k = Q(ζ7+ζ
−1
7 ), where ζ7 = exp(2πi/7),
that is k = Q(cos 2π7 ) is the totally real subfield of the cyclotomic field of 7th roots
of unity. Let A be the quaternion algebra over k which is unramified at the infinite
place corresponding to the identity embedding and ramified at the two other infinite
places and such that Ramf (A) = ∅. This uniquely determines A up to isomorphism
(see 5.1). The detailed study of this algebra carried out by Elkies in the last section
of [El2] (see also [El1], 5.3) allows us to illustrate the previous results in this case.
Set c = ζ7+ ζ
−1
7 = 2 cos
2π
7 so that k = Q(c) and Rk = Z[c]. Then ([El2], 4.4):
(1) A =
(c, c
k
)
and there is an embedding ρ : A ⊗k R ≃ M2(R) given by the basis
~1 =
(
1 0
0 1
)
, ~i =
( √
c 0
0 −√c
)
, ~j =
(
0
√
c√
c 0
)
and ~i~j =
(
0 c
−c 0
)
.
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(2) The ring
O = Z[c][~i, ~j′] = Z[c]~1 + Z[c]~i+ Z[c]~j′ + Z[c]~i~j′,
where ~j′ = 12 (1 + c
~i + (c2 + c+ 1)~j ), is a maximal order in A and the group
P (O1), which in this case agrees with P˜ (O+), is isomorphic to the triangle
Fuchsian group ∆ = ∆(2, 3, 7) of signature (2, 3, 7).
(3) There exists only one prime ideal p7 above p = 7. The Galois group Gal(k/Q)
fixes p7. The same is true for every prime p ≡ ±2,±3 mod 7: There exists
only one prime ideal pp above p. Every automorphism of k fixes pp.
(4) Above each prime p ≡ ±1 mod 7 there are three different prime ideals p1,p, p2,p
and p3,p. These three prime ideals form a Galois orbit; that is, after a possible
renumeration p2,p = p
σ
1,p and p3,p = p
σ2
1,p, where σ is the generator of the
Galois group Gal(k/Q) (of order three).
Now, let q be a prime ideal in Rk and denote by Γ = Γ
+
O(q) the corresponding
principal congruence subgroup so that A = AΓ. Let C(q) ∼= H/Γ be the cor-
responding algebraic curve. We claim that for every σ ∈ Gal(Q/Q) the curve
C(q)σ ∼= H/Γσ agrees with the curve C(qσ) uniformized by the principal congruence
subgroup Γ+O(q
σ) of A. This is because Corollary 17 implies that AΓσ = AΓ = A
and Theorem 15 tells us that Γσ = Γ+O′(q
σ) where O′ is a maximal order in A. A
computation of the narrow class number h∞ associated with A (see [MR],p.221)
gives h∞ = 1 which means that there is only one conjugacy class of maximal or-
ders, hence up to conjugation by an element x ∈ A the order O′ agrees with O.
This allows us to draw the following conclusions:
(a) If q lies above a rational prime p = 7 or p ≡ ±2,±3 mod 7 for every σ ∈
Gal(Q/Q) the curve C(p)σ is isomorphic to C(p). This only reflects the fact
that these curves are defined over Q (although see Remark 24 below).
(b) If q = pp is a prime ideal above a rational prime p ≡ ±1 mod 7, then the
Gal(Q/Q)-orbit of C(pp) consists of three non-isomorphc curves C(pp) =
C(p1,p), C(p2,p),C(p3,p). Each of them remains invariant under the action of
Gal(Q/k) and, as above, this implies that they can be defined over the number
field k.
One way to see that these three curves are pairwise non-isomorphic or, equiv-
alently, that the uniformizing groups Γ(pi,p) are not conjugate in PSL2(R) is as
follows: The triangle group ∆ is known to be a maximal Fuchsian group. This
implies that the groups Γi = Γ(pi,p) are not only normal in ∆ but that, in fact,
their normalizers N(Γi) agree with ∆. Now, if we had Γi = xΓjx
−1 for some
x ∈ PSL2(R), then Γi would be contained in the maximal triangle groups ∆ and
x∆x−1, hence we would have N(Γi) = ∆ = x∆x
−1. This would imply that the
element x lies in the normalizer of ∆ which, by maximality, agrees with ∆. This,
in turn, would yield that Γi = Γj, a contradiction.
These examples are geometrically interesting as they provide examples of Rie-
mann surfaces of genus > 1 with maximal number of automorphisms (see for
instance [JW]).
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Remark 24. If C is an arbitrary curve defined over a number field, the invariance
of the isomorphism class of C under an absolute Galois group Gal(Q/k) only
means that the so-called field of moduli of the curve is contained in k. Fortunately
when, as in this case, the uniformizing group is normally contained in a triangle
group the field of moduli is also a field of definition [Wo].
5.4 The torsion of Comm(Γ) is Galois invariant
We can use Theorem 16 also to prove the equality P(Γ) = P(Γσ) between the sets
of periods of the commensurator of Γ and the commensurator of Γσ. In order to
do so, we first recall (see [MR, Theorem 8.4.4]) that the commensurator of Γ in
PSL2(R) ∼= PGL
+
2 (R) is P˜ (A
+).
5.4.1 Maclachlan’s characterization of torsion in Comm(Γ).
Following the work of Chinburg and Friedman [CF], C. Maclachlan ([Mac1], see
also [MR], Lemma 12.5.6) showed the following result:
Proposition 25. Comm(Γ) contains an element of order m ≥ 3 if and only if the
following properties hold:
i) cos 2πm lies in the invariant trace field kΓ.
ii) There is an embedding of kΓ−algebras ϕ : kΓ(e2πi/m) →֒ AΓ.
In that case z = 1 + e2πi/m ∈ AΓ provides such a finite order element.
Actually, in Lemma 12.5.6 of [MR] this result is stated for P (A⋆) instead of
Comm(Γ) = P (A+) but the result holds just as well for P (A+) because the element
z = 1+e2πi/m lies in P (A+), since its image in AΓ, ϕ(z) =
(
1 + cos 2pi
q
sin 2pi
q
− sin 2pi
q
1 + cos 2pi
q
)
,
has positive determinant. Note that with respect to other embeddings the pos-
itivity of the norm is automatically satisfied, as the norm form in Hamiltonian
quaternions is a positive definite quadratic form.
Theorem 26. Let P(Γ) ⊂ N denote the set of orders (or periods) of finite order
elements of Comm(Γ). Then P(Γ) = P(Γσ), for any σ ∈ Gal(C/Q).
Proof. P (AΓ+) always contains an element of order 2. So, we need to prove that
if (kΓ, AΓ) satisfies the conditions i) and ii) of the above Proposition 25 then so
does (kΓσ, AΓσ).
This clearly holds for i) since by the Doi-Naganuma’s theorem kΓσ = (kΓ)σ.
In order to prove that this is also the case for ii) we first recall a criterion
due to Brauer, Hasse and Noether for embedding quadratic field extensions into
quaternion algebras (see[MR, Theorem 7.3.3] and [CF]):
• A quadratic field extension K of a number field k can be embedded into
a quaternion algebra A over k if and only if every archimedean or non-
archimedean place of k ramified in A either ramifies or remains prime in
K.
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This applied to our situation tells us that what we need to prove is that if
this condition is satisfied for the the quaternion algebra (k,A) = (kΓ, AΓ) and the
quadratic extension K = kΓ(e2πi/m) of kΓ then so is for the quaternion algebra
(kΓσ, AΓσ) and the quadratic extension Kσ = kΓσ(e2πi/m) of kΓσ.
Let us deal first with the non-archimedean places. If p ∈ Ramf (AΓ) ramifies
(resp. remains prime) in K = kΓ(e2πi/m) then so does pσ ∈ Ramf (AΓ)σ =
Ramf(AΓ
σ) in Kσ. This can be seen as follows. Let P be a prime ideal in RK
lying over p and let τ : K → K be the non-trivial k-automorphism of K. Then
p is ramified or remains prime in K if and only if Pτ = P. The non-trivial kσ-
automorphism of Kσ is then σ−1τσ and, clearly, (Pσ)σ
−1τσ = Pσ. Hence pσ also
remains prime or is ramified in Kσ.
As for the archimedean places we recall that an archimedean place v of a totally
real number field k is ramified in a Galois field extension K/k if the embedding
v : k → C extends to an embedding w : K → C whose image is not a subfield of the
reals. In our case the fields K = kΓ(e2πi/m) and Kσ = (kΓ)σ(e2πi/m) are totally
imaginary extensions of the totally real fields kΓ and kΓσ so the ramification
condition obviously holds. The proof is done.
When m is odd these two conditions in Proposition 25 can be formulated in
the following simpler manner
Proposition 27. Let m be an odd number. Then Comm(Γ) contains an element
of order m if and only if AΓ contains a square root of − sin2 2πm . In particular AΓ
contains a square root of − sin2 2πm if and only if AΓ
σ does.
Proof. We must show that, form odd, the above conditions i) and ii) are equivalent
to the existence of an element X ∈ AΓ such that X2 = − sin2 2πm ∈ kΓ ⊂ AΓ.
In one direction this is easy. If the first condition is satisfied then first of all
sin2 2πm = 1 − cos
2 2π
m ∈ kΓ and, moreover, kΓ(e
2πi/m) = kΓ(i sin 2πm ). Now, if in
addition, there is an embedding ϕ : kΓ(i sin 2πm ) → AΓ then X = ϕ(i sin
2π
m ) will
provide the required square root.
Conversely, if such X exists then cos 4πm = 1− 2 sin
2 2π
m ∈ kΓ. This means that
kΓ contains the field Q(cos 4πm ). But this is precisely the Galois subextension of the
field Q(e4πi/m) fixed by complex conjugation. Now, m being odd, Q(e4πi/m) =
Q(e2πi/m), hence Q(cos 4πm ) = Q(cos
2π
m ) and so the first condition is satisfied.
This in turn implies that kΓ(e2πi/m) = kΓ(i sin 2πm ), as before, and now simply
sending i sin 2πm to X gives an embedding of kΓ(e
2πi/m) in AΓ, which is the second
condition.
Example 28. Let Γp, p odd prime, the family of groups constructed in 2.1.1.
Then Comm(Γp) contains an element of odd prime order q if and only if q = p.
In particular, the groups Comm(Γp) and Comm(Γp) are not isomorphic, if p 6= q.
These claims can be settled as follows:
By construction (see 2.1.1) kΓp = Q(sin
2π
p ). Thus, by Proposition 27, in order
to prove that Comm(Γp) has an element of order p it is enough to observe that
AΓp contains some root of −1, namely X =
(
0 1
−1 0
)
.
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Now suppose that q 6= p. Then sin2 2πq = 1−cos
2 2π
q does not lie in Q(sin
2π
p ) =
Q(cos 2π4p ) (see Lemma 1). This is because otherwise cos
2 2π
q would lie in the
intersection field Q(e2πi/q) ∩ Q(e2πi/4p) which is equal to Q since q and 4p are
co-prime (see e.g. [Wa], Proposition 2.4). Now from Proposition 27 we deduce
that Comm(Γp) cannot contain elements of order q.
5.5 Final result
Although, there are only finitely many arithmetic surface groups of given genus
([Ta2], Theorem 2.1) the group Gal(Q/Q) is going to act faithfully on them. Our
final theorem records this fact and collects the main invariants we have found for
this action.
Theorem 29. Gal(Q/Q) acts faithfully on the set of isomorphy classes of arith-
metic surface groups Γ and this action has the following invariants:
1. The isomorphism class of the group Comm(Γ).
2. The Galois conjugacy class of kΓ. (In fact kΓσ = (kΓ)σ for any σ ∈
Gal(Q/Q)).
3. The set P(Γ) of periods of Comm(Γ).
4. The solvability of the quadratic equations X2 + sin2 2π2k+1 , k ∈ N,
in the invariant quaternion algebra AΓ.
5. The property of being a conguence subgroup.
Proof. That the action transforms arithmetically uniformised curves into them-
selves is the content of Corollary 11. Faithfulness is a consequence of the result
proved in [GJ] that the action is faithful on the set of curves uniformised by sub-
groups of any given triangle group together with the fact that there are plenty of
triangle groups which are arithmetic [Ta1].
As for the three listed invariants, 1) is the first part of Theorem 10, 2) is the first
part of Theorem 16, 3) is Theorem 26, 4) is Proposition 27 and 5) is Proposition
20.
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